Abstract-Based on experiments and numerical simulation, it has been widely believed that the time average mean square error in the first order sigma-delta modulator with input of bandlimited signals decays like
I. INTRODUCTION
Converting an analog signal into a digital signal (A/D conversion) consists of two steps: sampling and quantization. According to sampling theorems [3] , [4] , [7] , [16] , the loss in the sampling step is reversible. However, the quantization step usually introduces an irreversible loss of information. The loss in the quantization step is called the quantization error. Recent research shows that the accuracy of A/D conversion can be improved by refining the resolution of sampling as well as quantization [3] , [6] . Due to the expensive cost in building a high resolution quantizer, high accuracy of A/D conversion is usually achieved by refining the resolution of sampling. Among many schemes, the sigma-delta ( ) modulator provides a promising architecture for high accuracy A/D conversion because it is robust against circuit imperfections and hence is amenable to LSI and VLSI imperfection [1] , [2] , [7] .
In the literature, the input signal to a modulator is modelled to be a bandlimited function taking values in the interval ! or # !
for the convenience of discussion [7] , [9] , [10] , [11] , [12] . For the same reason, in this paper, we consider the signal to be a bandlimited function taking values in the interval ( ! instead. But these assumptions are essentially equivalent. In this paper, we consider the bandlimited signals in the space 0 1 3 5 6 so that some important signals, such as sinusoidal signals, can be included in our discussion. In other words, we define the signal class to be
where P denotes the Fourier transform of which is defined by
and extended to the tempered distributions in the usual way [8] . Without loss of generality, in this paper we work with the space . Then the following sampling formula [9] , [10] , [14] , we denote by
the largest integer that is not greater than d and denote
. The modulator uses the samples The simplest modulator is shown in Figure 1 and consists of a discrete time integrator and a binary quantizer inside a single feedback loop [7] , [12] , [18] .
Reconstructing the analog signal from the digital sequence In practice, however, one observes a much better decay behaviour than that of this basic estimate. In particular, through experiments and numerical simulation, it is commonly believed thaẗ
with independent of the input signal . However, it is turn out to be very hard to improve the basic estimate [7] . For very restricted classes of signals , the conjecture in (I.8) has been proved in some sense. In particular, Gray [11] showed that if "
Gray's result was later extended by Gray, Chou and Wong [12] to the case where the input signal is sinusoid; that is,
For general bandlimited signals, to our best knowledge, there was little progress on this conjecture until the recent interesting work of Güntürk [9] , [10] , who proved, by a combination of tools from number theory and harmonic analysis, that if . Our work in this paper has been greatly motivated and inspired by the recent interesting work in Daubechies and DeVore [7] and Güntürk [9] , [10] . Our objective in this paper is to try to prove the conjecture in (I.8). Using tools from number theory, harmonic analysis, real analysis and complex analysis, we shall prove the conjecture in the sense that the time average MSE decays like 
II. MAIN RESULTS
We now present the main results in this paper. Since the conjecture in (I.8) has been confirmed by Gray [11] and Güntürk [9] , [10] for a constant input, in the following we only deal with a non-constant signal The sinusoidal signals considered by Gray et al [12] are obviously covered by Corollary 1. However, the constant
in Theorem 2 and Corollary 1 is not independent of the input . We guess that such an absolute constant may depend on the statistical properties of the signals in and take integration of the average square error with respect to the measure to obtain an absolute constant.
III. PROOF OF THEOREM 1
In this section, we will present the proof of Theorem 1. Since Theorem 2 and Corollary 1 are immediate consequences of our proof of Theorem 1, we will omit their proofs. In this section, we always use to stand for a general absolute constant. Before proceeding further, we need some auxiliary results. First, we review some important facts about bandlimited functions in [19] .
A bandlimited function is the number of zeros of inside the disc with radius and center at the origin.
The following fundamental estimate in number theory was used in Güntürk's work [9] , [10] and will be useful in this paper. is the total variation of on ! . We also need an estimate for oscillatory integrals in harmonic analysis. The following result is an extension of an interesting result established by Güntürk [9] , [10] , which will be useful in this paper.
Lemma 3: (Güntürk [9] , [10] ) The sequence , we deduce that . Define an auxiliary symbol 
